Vector-valued polynomials and a matrix weight function 

with _B2-action II 

Charles F. Dunkl 



Abstract. This is a sequel to SIGMA 9 (2013), 007, 23 pp. (arXi v:1210.1177t . 
in which there is a construction of a 2x2 positive-definite matrix function K (x) 
on R^. The entries of K (x) are expressed in terms of hypergeometric func- 
tions. This matrix is used in the formula for a Gaussian inner product related 
to the standard module of the rational Cherednik algebra for the group W {B2) 
(symmetry group of the square) associated to the (2-dimensional) reflection 
representation. The algebra has two parameters: fco,fci. In the previous pa- 
per K is determined up to a scalar, namely, the normalization constant. The 
conjecture stated there is proven in this note. An asymptotic formula for a 
sum of 3i^2-type is derived and used for the proof. 



1. Introduction 

This is a sequel to and the definitions and notations from that paper are 
used here. Briefly, we constructed a 2 x 2 positive-definite matrix function K {x) on 

whose entries are expressed in terms of hypergeometric functions. This matrix 
is used in the formula for a Gaussian inner product related to the standard module 
of the rational Cherednik algebra for the group W {B2) (symmetry group of the 
square) associated to the (2-dimensional) reflection representation. The algebra 
has two parameters: ko,ki. In [1] if is determined up to a scalar, namely, the 
normalization constant. The conjecture stated there is proven in this note. 

Instead of trying to integrate K directly (a problem involving squares of hyper- 
geometric functions whose argument is X2/X1) we compute a sequence of integrals 
in two ways: asymptotically and exactly in terms of sums. Comparing the two 
answers will determine the value of the normalizing constant. Recall from [T, p. 18] 
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that for < a;2 < xi and u = ^ 



(1.1) Liu),,^\u\'^{l-u^) F(-ko,^-ko + kv,h + ^;u'^ 



L (u);^2 = ^1 — TT 1^1 ' (l - w ) ° u-F 1 - /jo, - fco + fci; fci + T^; u 
(")2i = ^T~~^ 1^1 (1 ^ '"^) ""^ - ^0, ^ - fco - fci; ^ - 

L (m)22 = \uf^^ (l - w^) F (^-ko, i - fco - fci; i - fci; u 
and (H p.20]) 

^ r n 1 



(1.2) i^(a;) = L(w) 

di = c 

(^2 = C 



di 
d2 



cosirkoT (i + fco - fci) T (i - /cq - ^'i) 



^TrfcoF (i + fco + fci) r (i - /co + fci) ' 
2. Integrals over the circle 



First we reduce the integral to a sector of the unit circle by assuming homo- 
geneity and an invariance property. As before, elements of Vv can be expressed as 
polynomials /i (x) ti -I-/2 (x) ^2 or vectors (/i (x) , /2 (a;)), as needed. The Gaussian 
inner product is expressed as 

(/,3>G= / nx)K{x)g{xfe-\^\"'^dx, 



and the normalization condition is equivalent to ((1, 0) , (1, 0))^ = 1. Let xg := 
(cos0, sin0), a generic point on the unit circle. 

Lemma 1 . Suppose f,g(z Vv are relative invariants of the same type, that 
is, for some linear character x of W , {wf){x) = f{xw)w^^ = x{'^)f{x) '^"'^ 
(wg) (x) — X (w) g (x) for each w € W , then 

/ (x) K (x) g {xf e^l^l'/^dx = 8 / e-'^'/'^rdr / / (rxe) K (xe) g [rxgf dO. 



Proof. Let Cq ~ {x : Q < X2 < xi}, the fundamental chamber, then 
fix)K{x)g{xfe-^'=^'/^dx^ J2 I f (xw) K (xw) g {xwf e-^""^' ^^dx 



wew 



Co 



= / f{xw)w ^ K (x) wg (xw)'^ e ^^dx 

= E XH' f f{x)K{x)g{xfe~\^\''^dx. 



t X (^)^ = 1 an 

Recall K is positively homogeneous of degree zero. □ 



The statement follows from the fact x (^)^ = 1 ^-^d the use of polar coordinates 
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Put this formula in the context of an abstract inner product over the circle 
(5^) with the following: 

Definition 1. For polynomials f e Vv.n,g G Vy.m let £ — 2i±«i and 

(/'3)s ^^'■''^G - 2^ {e^^^^f,e^-/'g)^ , m ^ nmod2, 

(/i 3)5 ■— 0, TO — n = 1 mod 2. 
T/iis is extended to all polynomials by linearity. 



Proposition 1. If f,g G Vv OL^e relative invariants of the same type and 

±1 
2 

If further n — 2q + I and m — 1 then 



f G 'Pv,n,g & Vv.m with TO = n mod 2 and £ = ^2i±2: tfig^ 



f (xe) K (xg) g (xg) dO = {f,g)G = U^g)s- 



{f,g)s - 22<;+ig! {q + l)l ^^«-^'3>r- 

Proof. From Lcmma[T]thc factor relating (•, ■) g to (•, ■)q is e~^' ^'^r'^^^^dr — 

{e^-/^f,e^-/^g) 

2 l\. Now suppose ra — \ and I ^ q^\. By definition (/, g) g ^ ^ 



29+1 + 



then e^'^/'^g = g and the degree-1 component of e'^"/^/ is -^—^Alf (recall that 
{fig)T ~ ^ when / and g have different degrees of homogeneity). □ 

We will find exact expressions in the form of sums for A' / for certain polyno- 
mials. 

The idea underlying the asymptotic evaluation is this: suppose that g is contin- 
uous on [0, 1] and satisfies \g (t) — g {0)\ < Ct for some constant, then g (t) (1 — i)" dt 
= ;;-^(? {0)+O (;^) . This formula can be adapted to the measure f^dt with a > —1. 

Let (f) :— xf ~ x\\ then 0^ is VF-invariant. Furthermore 0^"pi,2 and (/'^""'"^pi,4 
are all relative invariants of the same type, that is, aif — Cj'j/ — — / (recall 
Pi,2 = —X2ti + xit2 and pi^ = —2:2*1 — xit2)- We wiU evaluate {(f)^^^pia,Pia) s 
and 4,^1,2)5- These polynomials peak at = and vanish at 6* = |-. The 

following are used in the expressions for pi^/^Kp'^ 2 and pi ^KpJ^ 2- Set 

(2.1) hi{z) ■=Fl-ko,--ko + ki;- + ki-z 

h2 (z) := F ^-fco, ko- ki;^- ki;z 
/13 (z) := F ^fco, ^ + ko + ki;^ + ki;z^ , 

hi (z) := F ^fco, -i + fco - ki; ^ - ki; z 

Each of these hypergeometric series satisfies the criterion for absolute convergence 
at z = 1 (for real F (a, b; c; z) the condition is c — a — 6 > 0; here c~a — b = 1 ±2A:o), 
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and so each satisfies a bound of tlie form \h (z) — 1\ < Cz for < z < 1. Recall the 
coordinate -u = on the unit circle {in < 6 < ^) 

^0 = , , , = -7-. — dO = 



By use of the identities 

(2.2) F (a, b; c; z) ~ -zF (a + l,h;c + I, z) = F [a, 6 - 1; c; z) , 

c 

F (a, &; c; z) F (a + 1, fo; c + 1; z) = F (a, 6; c + 1; z) , 

c c 

we obtain for x — xe^Q < < j and < m < 1: 

(2.3) x,Ln-xiii2 = ^^^-;^,y5 TT^^^^ ^ ' 

X1L22 - X2L21 = — W2 — (m') ; 

(1 + U'') ' 

and 

(2.4) -x,Ln - x,L,2 = ^^^^,^V2 YT^^' ^" ) ' 

-2:2^21 - x^L22 = ;7T75— ^4 (m') . 

(1 + U^) ' 

The expressions for Lij (see II. ip appearing in (j2.4l) are first transformed with 
(a, 6; c; z) = (1 — z)'^^"^'' F {c — a,c — b;c; z) before using identities (|2.2p . These 
formulae will be used to obtain asymptotic expressions for the integrals ((/'^"pi, 27^1.2) 

and (02"+ipj^ ^^p^ A The notation a(n) ^ b(n) means lim ^ | ^ = 1. 

n-)-cx) b in) 

Lemma 2. Suppose a, 7 > — 1, and n = 2, 3, . . . i/ien 

\" (1 - t)"+^ (1 + t)^"" = (2?i)"""' r (a + 1) f 1 + O ^ ^ 







Proof. Change the variable to i = then the integral becomes 
»i 

„"n fl - -"l " " ' " d„^'?r°'-^- 



"-y^„"(i-„r-(i-^) 



< 



where i? is bounded by 2-"-iC/qW"+i (1-1;)"+'' and (l - f ) " ''^ ^ - 1 

C^; for < u < 1. By Stirling's formula r(n+a+7+2) ^ """"^ ^ ^ C'n-"'^ 
for some constant C". □ 

Corollary 1. Suppose g (t) is continuous and \g (t) — g (0)\ < Ct for < t < 
1 then 

(1 - t)"+^ (1 + tf" 9 it) dt - (2n)-"-^ 5 (0) r (a + 1) (^1 + O ^ . 
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Proof. Break up the integrand as 

e (1 - (1 + tf-'" {g (0) + {g (t) - g (0))} ; 

by the Lemma the mtegral of the second part is bounded by C {2n)^°'^'^ T (a + 2) 

Proposition 2. Suppose — i < fco ± fci < ^ then 

('?!'^>i,2,Pi,2)c = 8 / (f>{xgf" pi^2{xe) K {x0)pi^2{x0)'^ d9 
Jo 

cosTrfco cos7rA:i T [\ + + ki) T [\- ko + ki) ' 

Proof. By definition 

(xe)^"pi^2 {xe) K {xg)pi,2 {xef = {xl - xlY"" 
X |di {xiLi2 - X2Liif + d2 {X1L22 - 3^2^21)^1 ■ 
Thus equation (|2.3p imphes 

cj) {xe) " Pi,2 {xg) K (xe) pi^2 (xe) dO 

('i + *^y 

'V i + 2fci y io vi + «V + ^ 



where /ii and are from equation (|2.ip . The key fact is that /i^ (0) = 1 and 
\hi {v?) — l| < Cu^ for < M < 1 with some constant C, i = 1, 2. In each integral 
change the variable u = v^^'^] the first integral equals 

(2.5, i(4„)-'.-3/^r(.. + |)(i + o(i 

and the second integral equals 

(2.6) + 

This is the dominant term in the sum because ki — ^ > — fci — | (that is, 2fci + l > 0). 
Using the value of d2 in equation (|1.2p and the identity r(i — fci)r(i + /ci) = 
— ^4— we find 

cos Trfci 



>i,2,Pi,2)s - 4:C (4n) 



COS TrfcoP (i + /co + ^1) r (I - ^0 + fci) 

2^c 2^"in"i-i/^r(l + fci) 

COS Trfco COS Trfci r (i + /co + r (i - fco + fci) ' 

□ 
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Proposition 3. Suppose < fco ± fci < ^ then 

JO 

cosTrfco costt/ci T (i + fco + ^i) T (i - fco + fci) ' 

Proof. By definition 

(t> {xgf'"'^^ pi,4 {xe) K (xe) Pi,2 [xe)^ = - (x^ - xl)^""^^ 
X {di {X2L11 + X1L12) {X2L11 - X1L12) + d2 {X2L21 + X1L22) {X2L21 - 2^1^22)} . 

Thus equations (|2.3p and (|2.4p imply 

8 / (j){xBf'^^^ Pi,i{xg) K {x0)pi^2(.xe)^ dO 
Jo 

^ , (1 - 2ko + 2ki) (1 + 2/co + 2fci) 

— Ottl ;^ 2 



(l + 2fci) 

1 2n+l ^2fci+2 



1/1 2 \ 2n+l — 9/:-, 



^2 (w^) /14 (u^) du. 



Vl+"V + 

Arguing as in the previous proof, one obtains the same expressions (12.51) and (12. 6p 
for the first and second integrals respectively. □ 



3. Evaluation of the normalizing constant 

The proof of the following appears in Section |31 (The Pochhammer symbol 

« :=nLi(«+^-i)-) 

Theorem 1. For arbitrary ko, fci and n > 



X 



n+1 



" (-n) . (-n - 1) . /I \ /I 
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Corollary 2. Suppose -fci ± fco ^ ^ + No then 

V?* Pl,2,Pl,2/c — 



X 3^2 ( ; 1 , 

((/) + Pl,4,Pl,2)c = TTn 7 T-TTl ^ 

X 3F2 r -n,-n-l,-ki \ 

V -n - I - fci - fco, -n - i - fci + fco ' / 

The next stop is to compare the two hypergeometric series to 2F1 (^Z2'-2ki ' ■*■) 

which equals "^"i^V (Chu-Vandermonde sum). The following lemma will be 
(1 + 2ki)^ 

used with a = ^ + ki + ko, b = + ki — ko, and c = — fci. 
Lemma 3. Suppose 0<a<l, — 1<&<0 and c > — 1 i/ien 

\— n — a, — n — 0— 1 / (l + a + o)„ \— n — a, — n— / 

\— n — a, — n — / (l + a + o)^ \—n—a,—n—o—l J 

Proof. If c = then each expression equals 1. The middle term equals 
2Fi(_-_Y_,;l). ForO<i<nset 



i\{-n-a)^{-n-b)i' 
i\{-n- a - b).' 

i\{-n-a)i{-n-b-l)i' 

Note So = to = Mo = 1. From the relation (— n — d)^ = (—1)' (n — i + 1 + d)^ it 
follows that sign(sj) = sign(tj) = sign(uj) = sign ((c)-) for each i with 1 < i < n 
(by hypothesis a + 1 > 2 and 6+l>0). Ifc>0 then sign ((c) -) = 1 for all i and 
if -1< c < then sign ((c) .) = -1 for i > 1. We find 

Si (-'^ - a - 5)j {n - i + 1) (n - i + I + a + b) Si-i 



U {-n - a)j (-n -b)^ {n - i + I + a) {n - i + 1 + b) ti-i 

and 

m(m + a + b) _ —ab 

= 1 + - — >l,m>l. 



,i> 1, 



(m + a) (to + b) (to + a) (to + 6) 

because —ab > and 6 > — 1 (setting to = n — i + 1). This shows the sequence — 
is positive and increasing. Also 

Ui {—n — l)j (— n — a — b)^ {n ~ i + 2) {n — i + 1 + a + b) Ui-i 



ti {-n - a)^ {-n - 6 - 1)^ {n - i + 1 + a) {n - i + 2 + b) U-i 



i > 1, 
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{m+l)im + a + b) b {a ~ 1) 

-, ; r = 1 — -, ; r < 1, to > 1, 

(m + a)(m + 6+l) (m + a) (m + 6 + 1) ~ 

because a < 1 and & < (and a + > —1). The sequence is positive and 

decreasing. If c > then Si,ti,Ui > for 1 < i < n and — > 1 > — imphes 

Si > ti > Ui. This proves the first inequahties. If — 1 < c < then Si,ti,Ui < 

for 1 < i < n and thus — > 1 > — imphes Si < ti < Ui. This proves the second 
ti ti 

inequalities. □ 

Denote the 3F2-sunis in CoroUary [2] by /i (n) and /2 (n) respectively, then by 
using Stirling's formula 

(a)„ _ r{b)r{a + n) _ T (6) 



r(a)r(6 + n) T (a) 



we find 



^^^"^^'^^^ r(i + ^i + MrG + fci-fco)" ' 
^I'^'^^i'^^s r(i + fci + fco)r(i + fci-fco) • 

By Propositions and 13] these imply for i = 1,2 

. , 27rc oj, i.r(i + fci) 27rc j.r(l + 2fci) 

* cos Trfco cos Trfci -T (^) cos Trfco cos Trfci r(l + fci) ' 

by the duplication formula. By Lemma [3] /i (n) < y — — — < /2 (n) for < ki < 

(1 + 2fci)„ 

i and the reverse inequality holds for — -i < fci < 0. The fact that ^ ^ - 



(l + 2fci)„ 

r f 1 ~(~ 1 

— T r^"- '^^ is the last ingredient for the proof of the following: 

r (1 + fci) 

Theorem 2. Suppose —-^ < kg zt ki < ^ then the normalizing constant 

c — — cos Trfcn cos irk-i . 

The weight function K is integrable if the inequalities — ^ < fep , fci < i are 
satisfied (and the same value of c applies). However K is not positive-definite and 
integrable unless — ^ < fco ± fci < i. It was shown in [U p. 21] that det K = ^1^2. 
By using the (now- known) value of c and the values of di and d2 (see p. 2^ 1 we find 
det if = did2 = cos tt (fco -I- fci) cos tt (fco — fci). 

4. Formulae for {(t>'^"'Pi.2,Pi,2) g and ^1,4,^1,2)5 

The inner products are evaluated by computing A^" (0^"pi.2) and 
^k"^^ (0^"~''^Pi,4) by rneans of recurrence relations. The start is a product formula 
for Ak (using di to denote ^): 
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Lemma 4. Suppose f{x) is a W -invariant polynomial and g{x,t) £ Vv then 
(4.1) 

A, ifg) - /A, (g) =gAf + 2 (V/, V5) 

+ 2ki ( g (x, -ti,t2) — + g (x, ti, -^2) — 

V Xi X2 

, ^, f f . , ^ 9if - d2f . , ,dif + 82/ 
+ 2ko g[x,t2,ti) g(x,-t2,-ti) ■ 

\ Xi - X2 Xi + X2 

Lemma 5. Suppose f e Vv,2n+i then A'^+^ \x\^ / = 4 (n + 1) (n + 2) A^J/. 

Proof. If 5 e T^y,™ then A„ 5 = 4 (m + 1)5+ |a;|^ A^g by [l p.4, eq. (4)]. 
Apply Ak repeatedly to this expression, and by induction one shows A^ 9 ~ 
Ae{m-e + 2) Ai-^g + \x\^ A^g for £=1,2,3,.... Set g = /, m = 2n + 1 and 
£ = n+l then A'^'+i/ = 0. □ 

Recall that (\) :— xX — x\\ and ^^"pi,2 and (iP''^^^p\.A are all relative invariants 
of the same type as pi_2, that is, ai/ = crj*^/ = — /. Thus A^" ('^^"Pi,2) and 
A^"+-^ (</)^"+^pi4) are both scalar multiples of pi,2, because A^ commutes with 
the action of the group and p\,2 is the unique degree-1 relative invariant of this 
type. 

Proposition 4. For n = 0, 1, 2, 3, . . . 

(4.2) A,(/.2>i^2 = -8n (1 + 2fci + 2A:o) 0'"" Vi,4 

+ 8n (2n - 1 - 2/co) (/'^""^Pi,2, 

(4.3) A,(/)2«+ip^^^ ^ _4 + 1) (1 + 2k^ - 2fco) 0'>i,2 

+ 8n (2n + 1 + 2/co) (/)2"~Vi.4- 

Proof. We use Lemma 0] with / — 0^" and g — pi_2 or g = 4>PiA- Simple 
computation shows that 

A02" = 8n (271-1) V?!)^" = 4?i02"-i (xi, -0:2) , 

A„ (#1,4) = -4(1 + 2ki - 2ko) pi,2- 

For g = pi 2 we find 2(V(/)^",Vg) = -87i(/!>^"~ the coefficient of fci in (|4.ip 
is — 16n0^"~^pi.4 and the coefficient of fco is 32n0^"~^a;iX2 {xiti — X2t2)- The first 
formula now follows from 

a;ia;2 {xiti - 0:2*2) = (0^1,4 + ^1^^1,2) • 

For g = (j)pi,4 we obtain 2 (V(/>2", V5) = Sn^^"-! (^2 |a;|^pi,4 - #1,2) ■ The coeffi- 
cient of fci in (|4.ip is — 16n0^"pi^2 and the coefficient of fco is — 32n(/)^"~^xiX2 (xi^i + 2:2 
Similarly to the previous case 

X1X2 {xiti + 2:2*2) = (^0Pl,2 + \x\'^pi,4j ■ 
The proof of the second formula is completed by adding up the parts, including 

</)2"A«#i,4. □ 

We use this to set up a recurrence relation. 
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Definition 2. For n = 0, 1, 2, . . .the constants an, l3n implicitly depending on 
kQ,ki are defined by 

(0^'>i,2,Pi,2)5 = an (pi, 2, Pi, 2)5 = q;„ (1 + 2fci + 2fco) , 

(0^"+Vl,4.Pl,2)5 = Pn (^1,2,^1.2)5 = A' (1 + 2fcl + 2fco) . 

Also a,^ := 2*" (2n)! (2n + l)!a„ and 24"+2 (2n + 1)! {2n + 2)!/3„. 

Proposition 5. Suppose n = 0, 1, 2, . . .i/ien A^" (0^"_pi,2) = a^Pi,2, 
^^K^'^^ (^^"^"'^Pi 4) — PnPi 2 fl'^'^ CK„7 /3„ satisfy the recurrence (with Uq = l,f3_i = 
0; 

= -4 (2n + 1) (1 + 2fci - 2/co) + 64n2 (2n + 1) (2n + 1 + 2fco) 
= -8n(l + 2fci + 2fco) + 64^^ (2n - 1) (2n - 1 - 2fco)Q;l,_i, n > 1. 
Proof. By Proposition [T] 

2^"+! (2n)! (2n + 1)! (0^>i,2,Pi,2)s = (Af (0'>i,2) ,^1.2), 
= an (pi,2,Pi,2)^ = 2a„ (pi, 2, Pi, 2)5 ■ 

Similarly 

24"+3 (2n + 1)! (2n + 2)! (02"+Vi,4,Pi,2)s - (A^^+i (02"+V,4) ,^1,2), 

= /3n (Pl,2,Pl,2)^ = 2/3„ (pi,2,Pl,2)5 ■ 

Apply A^"~^ to both sides of equation (|4.2I) to obtain 
a;,Pi,2 - -Sn (1 + 2A:i + 2fco) /3lpi,2 + 8n (2n - 1 - 2fco) A^"-! (/.2"^2pi,2) - 
By Lemma [5] 

A2"-i 0'"-'pi,2) = 8n (2n - 1) A^"-^ (^2^-2^^^) ^ - 1) a^^.p^.^. 

Apply A^" to both sides of equation (|4.3p to obtain 

/3lpi,2 = -4 (271 + 1) (1 + 2A:i - 2A:o) «Lpi,2+8n (2n + 1 + 2fco) A^" ^1,4) , 

and by the same lemma 

e 0^"- V,4) = Sn (2n + 1) Af"! (0^"- ^1,4) = 8n (2n + 1) p'n^.pia- 

□ 



A 



By a simple computation with the change of scale for q;„ , /3„ we obtain the 
following: 

Corollary 3. Q!„,/3„ satisfy the recurrence 

1 + 2fci - 2fco n(2n + l + 2fco) ^ 

2 (n + 1) (n + 1) (2n + 1) 

1 + 2fci + 2fco ^ 2n - 1 - 2ko 

= 2n+l ^"-^ + 2n + l 

The following formulae arose from examining values of a„,/3„ for some small 
n, obtained by using the recurrence and symbolic computation. In the calculations 
we use relations like (a)^ (a + rn) = (a)^_^^ and ^^i^^, = ^. 
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Theorem 3. Suppose n = 0, 1, 2, . . . then 



.ro"!(i)„i 

^ " S (-+1)1 (})../ (5 + + (5 + - 



n+l-j" 



For brevity A;+ /ci + fco and fc_ ki ~ ko, as previously. We use in- 
duction on the sequence ao /Sq ~^ ai /3i a2 ~> ■ ■ ■ . The formu- 
lae are clearly valid for n — 0. Suppose they are valid for some n — 1. Con- 
sider -^^^^f^r^Pn-i + ^"2«+r° ""-li split t^*^ j-term in a„_i by writing 

j -ki n - i + fci - fco - j 
1 = J — + ^ J ; , then 

n — — Kf) n — — kf) 

(4.4) 

2n-l-2fco ' ""^ 



X |(-fci), + +(-fci),+i Q + fc-^ 



1 1 , ^2 / 3 , 



(4.5) 



The coefficient of (~fci)j in the sum of the first part of { } in (|4.4I) and (|4.5p is 



^ il-n)Jl + k+] (l + k\ (-n), 



For J = this establishes the validity of the j — term in a„. For I < j < n 
replace j by j — 1 in the second part of { } in (|4.4p and obtain 

adding all up leads to 



and the expression in { } evaluates to {~n)^ . This proves the validity of the formula 
for a„. 

To prove the formula for /3„ consider — ^^2(71+1)'° ^ "n+i^(2n'+i)* /^"- 1 ^^d as 

j — ki n+^ + ki + kQ~j 



before split up the j-term in /3„_i by writing 1 ~ j 



n + ^ + ko n + ^ + ko 
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Then 
(4.6) 

1 + 2fci - 2A:o _ ^ + ^1 - ^0 1 , __,2 . X , , \ fl 



(4.7) 

n(2n+l + 2fco)^ _ 1 V-^' 1 / X / ^ /^l 



1 1 /I \ 



(n + l)(2n+l)-"-^ + 



X <; (-fci), ( ? + fc+ ) + i-ki)j+, ( ^ + fc^ 

/ n—j \ / n—j — 1 



2 

The coefficient of (~^i)j in the sum of (|4.6I) and the first part of{ } in (|4.7I) is 



(n + f)!(|)„j!^ ^^2 ";„_,V2 



(-+l)!(i)„J-!^ ^H2 V„-A2 



n+l-j 



For j — this establishes the validity of the j = term in /3„. For 1 < j < n 
replace j by j — 1 in the second part of { } in (14.71) and obtain 



adding all up leads to 



(n + 

and the expression in { } evaluates to (—1 — n)^. This proves the validity of the 
formula for /3„ and completes the induction. 
This completes the proof of Theorem [1] 
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